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COHERENT STATES FOR SYSTEMS OF ^-SUPERCRITICAL 
NONLINEAR SCHRODINGER EQUATIONS. 

LYSIANNE HARI 



O 
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Abstract. We consider the propagation of wave packets for a nonlinear Schro- 
dinger equation, with a matrix-valued potential, in the semi-classical limit. For 
a matrix-valued potential, Strichartz estimates are available under long range 
assumptions. Under these assumptions, for an initial coherent state polarized 
0^ ' along an eigenvector, we prove that the wave function remains in the same 

eigenspace, in a scaling such that nonlinear effects cannot be neglected. We 
also prove a nonlinear superposition principle for these nonlinear wave packets. 

< 

^£h ! 1. Introduction 

We consider the semi-classical limit s — > for the nonlinear Schrodinger equation 

(1.1) isd t i/f - P{eW = Se p W\h^ e I tfjUo = 1%> 

where A > 0, d £ {2, 3}. The data ipQ and the solution i/j s (i) are vectors of C 2 . The 
£> . quantity IV^Ic 2 denotes the square of the Hermitian norm in C 2 of the vector ip 6 , 

P(e) is a matrix-valued Schrodinger operator acting on L 2 (R d , C 2 ), 

^" ' 2 

^; P(s) = - S - Aid +V(x), 

where V is a self-adjoint smooth 2x2 matrix depending on the parameter x £ R d 
and the semiclassical parameter e > is small. 



The data 4>o ^ s a wav e packet (or can be a perturbation or a sum of two wave 
packets) : 

(1.2) Vov*) = e - d '*e i #< x - x tV e a (^—pf) X+(x). 

The profile a belongs to the Schwartz class, a £ S(R d ), and the initial datum is 
polarized along the eigenvector associated with A+(<c), x+( x ) G C°°(R d , C 2 ): 

V(x)x+(x) = X+(x)x+(x), with |x+(ie)|c 2 = 1- 

We choose the critical exponent (3 ~ (3 C := 1 + d/2 : in the scalar case, the ap- 
proximation of ip £ is a wave packet whose envelope satisfies a nonlinear equation, 
nonlinear effects can not be neglected (see [3]). Moreover, let us notice that, con- 
trary to the case d = 1, the nonlinearity is not i 2 -subcritical when d = 2 or 3, it 
is only iJ ^subcritical. So the condition A > is crucial here to avoid finite time 
blow-up (see [2] and [TU]V 

The aim of the paper is to prove that the solutions of (jl.ll) with initial data which 
are of the form (II. 2[) keep the same form and remain in the same eigenspace, when 
the potential satisfies assumptions that we are now going to explain. Note that the 
scalar case is studied in [4] and that matrix case, with d = 1 is analysed by the 

l 



2 L.HARI 

authors of [3J. 
We write V as 

p(x) ui(x) 



V(x) = p (x) Id + Wx) _ /9(a;] 

where the functions poj P and w are smooth, and we make the following assumptions 
on^ : 

Assumption 1.1. (i) V is long range : there exist a matrix Voo and p £ R + \ {0} 
such that for x £ JH d , 

30 0, \\V(x)-V 00 \\<C{x)- p , 

Va £ N d , |a| > 1, 3C a > 0, ||fi£V(aO|| < C a (x)^ 1 " 1 , 

where (x) = (1 + l^l 2 ) 1 ' 2 and the norm \\.\\ denotes the operator norm on C 2,2 . 
The eigenvalues of V are given by : 



(1.3) A± (x) = p (x) ± ^p 2 (x)+lj2(x). 

We assume : 

(ii) 3 5 > 0, uj 2 (x) + p 2 {x) > S , \/x £ R d . 

This point guarantees that there exist smooth and normalized eigenvectors, x± (x) 

associated to X±(x). 

(Hi) 3K C R d , K a compact subset ofR d such that 

™-(\ w a_;, 

for all x ^ K . 

Example 1.2. Potential satisfying Assumption ll.ll can easily be found. For example, 
if we consider 9 £ C^°(R d ) and the potential 

V(t\ - M-* ( COS °^ Sin ^ \ 
W_W \sin 9(x) -cos6{x))' 

with p > 0. Then V satisfies all points of Assumption ll.il 

Remark 1.3. It is important to notice that (?) and (ii) of Assumption [1.11 ensure 
that po, p and cj are bounded with bounded derivatives and that the eigenvalues 
A_(_(x) and A_(a;) do not cross each other, which allows us to guarantee global 
smooth eigenvalues and eigenprojectors, satisfying 

(1.4) \/a,/3£N d ,3C>0yx£R d ,\d«\ ± (x)\ + \dP X ±(x)\ < C. 

It is essential to obtain the main result of the paper : for example, for d = 2, in the 
linear case, A = 0, if we consider the potential: 

V(x)=( Xl X2 
\ x 2 —Xl 

the eigenvalues X±(x) — ±|x| cross each other when x — 0. The authors of [IT] and 
|12j have proved that the approximation is not valid in this case and that there are 
exchanges of energies between different modes (see also [5] and [B]). 
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Remark 1.4. Points (?) and (iii) are technical assumptions : under point (i) of 
Assumption II. 1[ for fixed e > 0, we can prove global existence of the solution ip £ . 
Actually, global existence can be proved under weaker conditions on the potential, 
this result is discussed in the appendix. 

Moreover, they are useful to obtain Strichartz estimates, which will be crucial tools 
in the analysis. Thanks to point (iii), we have constant eigenprojectors, outside a 
compact subset of R d , which is needed in [7] to obtain Strichartz estimates without 
any localization (for a deeper discussion about them, we refer to Section 12.11) . 

We introduce the following notation : 

Notation. For two positive numbers a E and b e , the notation a e < b e means that 
there exists a constant C > 0, independent of e, such that for all e g]0, 1], a e < Cb £ . 

1.1. Classical trajectories. We consider the classical trajectories (x ± (t) , ^ ± (£)) 
solutions to 

(1.5) ± ± {t) = £±(t), i±{t) = -VA ± (x±(i)), x ± (0) = xf, ^(0) = £. 
We have the following result : 

Lemma 1.5. Let (xf,$) € R rf x R d . 

Under point (i) of Assumvtion \l~T\ for each + and — trajectory, (jl.5p has a unique 
global, smooth solution (x ± ,^ ± ) e C°°(R, R rf ) 2 . 
Moreover, the following estimate is satisfied : 

(1.6) aC ,Ci >0, lar^t)! < C t, \^(t)\<C u Vt G R. 

The proof of this lemma is based on easy differential inequality arguments and is 

left to the reader. 

We denote by S ± the action associated with (x ± (t) , ^ (t)) 

(1.7) S ± (t) = J* Ql^WI 2 - A ± (x±( S ))) (te. 
The corresponding energies i? 1 * 1 (i) are given by : 

E±(t) = &L + x± (xHt)). 

These energies are constant along the trajectories : 

E ± (t)=E ± (0)= ] -^+\±(xt), VteR. 

1.2. The ansatz. We consider the classical trajectories and the action associated 
with X+(x) and denote by 

Q+(t) = Hess X+(x + {t)). 

We consider the function u — u(t,y) solution to 

(1.8) id t u+-Au = -(Q+(t)y;y)u + A\u\ 2 u ; u(0,y)=a(y), 
and we denote by ip E the function associated with u, x + , ^ + , 5 + by: 

(1.9) ^{t, x) = £ ~ d / 4 W C*, X ~^ W ] e <^ + (*)+« + (*)(— + (*)))/ £ . 

Global existence, conservation of the L 2 — norm of u, and control of its derivatives 
are proved in [2]. By Corollary 1.11 of [2], we actually have 
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Proposition 1.6. Let T > 0, and a <G <S(R d ). Then, for all k € N, there exists 
C = C(T, k) such that 

Va,/3 € N d , |a| + \/3\ < k, \\x a d^u(t)\\ L 2 < C, Vt e [0,T]. 

We will use the following notations: 

Notation. For p € N, we define the functional spaces Hf! by 

flf = J / e i 2 (R d ), X! H eW 9?/lli> < +^ 

[ |«|<P 

For all / € i?f, we write the associated norm : 

2 

\m= \ E ll £ ' a| ^/lli^ 

\\ a \<p 

We now state the main result of the paper. Of course, if we consider initial data 
polarized along the other eigenvector, a similar result is available, with a corre- 
sponding ansatz. 

Theorem 1.7. Let T > and a E <S(R d ). Under assumption \1.1\ consider ip £ , 
the exact solution to the Cauchy problem (|1.1|> - (|1.2|) . and ip £ , the approximation 
given by (|1.9[) . If we denote by w £ the difference 

w e (t,x) =ip e (t,x)-(p e (t,x)x+(x), 

then w £ satisfies 

sup \\w £ (t)\\m^o- 

te[o,T] £ ^° 

Remark 1.8. We choose to study a 2 x 2 system to simplify notations, but this result 
can be generalized for a N x N system, without any crossing point. In this case, it 
is necessary to take time-dependent eigenvectors, to deal with high multiplicities, as 
it is done in [3J, for the case d = 1 (see [3] and [11] for details about the procedure). 

Remark 1.9. If we consider initial data which are perturbation of wave packets : 

%(x) = e-^V^-^a (^pL\ x+ ( x )+n £ (x), 

where rf satisfies 

h e ||L2(R*) + ||eV»f|| L2 (R<*)<Ce™ 

with 7q > d/8, then the approximation of Theorem [TT7] is still valid (See Remark l3.2l 
for details). 

If we assume that for all k < 6, we have 

(1.10) 3O0, sup \\x a d^u(t)\\ L 2 <Ce c|t| , Vi € R, 

\a\ + \P\<k 

it is possible to deal with large time, and to obtain the same result up to a time T £ 
depending on e: 



COHERENT STATES FOR SYSTEMS OF L 2 - SUPERCRITICAL NLS 5 

Theorem 1.10. Let a E S(R d ). If for all k < 6, the estimate (jl.lOp is satisfied, 
then there exists £q such that for all £ s]0, eo], 

sup ||u; e (i)|| ff i — ^0. 

t<Cloglog(i) ° £ ^° 

Besides, for initial data given by Remark ll.9[ it is possible to prove the same result 
for large times. These points will be discussed after the proof of Theorem 1 1.71 

The behaviour of u(t) for large time is an open question in general. However, there 
are situation where an exponential control of these momenta and derivatives is 
proved: when d = 1 or d > 1 with negative eigenvalues (See Proposition 1.12 of 
[2]), or if d > 1, V(x) — Vaa outside an compact subset K and x(t) — > oo (see 

t— ►oo 

[3j). The result must be true in a more general framework. It is possible to prove 
it under more general conditions on Q + . 

Let us first define Strichartz admissible pairs : 

Definition 1.11. A pair (p, q) is admissible if2<q< -j^ ft < q < oo if d = 2) 

and 

p V 2 q, 

The following proposition gives an other situation where the behaviour of the 
profile is known : 

Proposition 1.12. Let d = 2 or 3. Assume A > and : 

C 



(1.11) 



I*™ 



< 



(l + |t|) K « +1 ' 

with kq > 2. We consider u, the solution to the Cauchy problem (|1.8[) . Then, for 
all k G N, the following property is satisfied : there exists C > such that for all 
admissible pair (p,q), we have 

Va,/3 e N d , |a| + \0\ < k, ||a: ^«|| il , ([ o,t] >£ ,) < Ce c ^, Vt e R. 

Note that with p — oo and q — 2, we obtain the property (jl.101) . 

Remark 1.13. Let V satisfying Assumption 11.11 We denote by Eq the energy 
associated with the trajectories and we introduce Aoo as the following limit (which 
exists, thanks to Assumption II. 1[) : lira A + (x) = A^. 

If E is such that E > A^, , and 

(1.12) lim \x+{t)\ =+oo, 

then Q + (t) satisfies (|l.lll) . The proof of this statement will be sketched in Section|U 
Note that (|1.12|) implies that Eg > A^, so that the assumption Eq > A^ is not a 
very strong one if (|1 . 12|) is satisfied. 

Example 1.14. If we consider the potential V introduced in Example ll.2l and if we 

build trajectories associated with an eigenvalue of V, with xq ^ and £o such that 

\£ I 2 

- — — > 1, then, it is easy to check that lim |x + (t)| = +oo, that the energy is large 

2 t— >oo 

enough and so, that Q + satisfies the property (II. lip . 
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We momentarily consider the case d = 1. This case is considered in [3] with weaker 
assumptions on the potential and a similar approximation in large time is proved 
(at least for \t\ < Cloglog(e _1 ), with a suitable C > 0). 

However, with a matrix- valued potential under Assumption 11.11 one can obtain it 
up to a better time t e = Clog(e _1 ), at same order as the Ehrenfest time. Note that 
in the linear case, this kind of approximation is also valid up to Ehrenfest time (See 
PQ for details). 

Theorem 1.15. Let d = 1 and a £ <S(R). Then, there exist £q > and C > 
independent of e such that for all e €]0,£o], 

sup ||u; E (£)||#i — >0. 
*<cio g (i) e ^° 

1.3. Nonlinear superposition. In this part, we will study the evolution of solu- 
tions associated with initial data corresponding to the superposition of two wave 
packets. There are several cases to analyse, depending on whether we choose wave 
packets polarized along same or different eigenvectors (there is actually a technical 
difference between these cases). 
First, we consider two different modes. Let us introduce 

$j(«) = ip e + (0,x)x+(x) +ipl(Q,x)x-{x), 
where (p e + and (p E _ are respectively associated with the modes + and — and have 
the form (|1.9|) . and (xo",£o~), (xq ,£q) are phase space points. We associate with 
the phase space points (x ,£ ), the classical trajectories (x ± (i),^ ± (t)), and the 
action S ± (t) associated with A± (x) such that 

V(x)x±(x) = X±(x)x±(x). 
For finite time, we have: 

Theorem 1.16. Let a± £ S(R d ) and <p± (0, x) as above. We assume 
T = inf \E+ -E_- (A+(x) - \-{x)) | > 0. 

For all T > (independent of e), the function 

w 6 (t,x) = ip e {t,x) - ip e + (t,x)x+(x) -<pt(t,x)x-(x) 

satisfies 

sup \\w e (t)\\ Hl — >0. 

te[o,T] e ^° 

We now choose to superpose two wave packets polarized along the same eigen- 
vector, x+(x): Let 

%(x) = (pf (0, x) + tpftO, x)) x+{x), 
where ip\ and ip% have the form (ll.9[) . and (xf (0) , £* (0)) , (x^(0),^(0)) are phase 
space points. We assume 

(^(0),^ + (0))^(x+(0),e 2 + (0)). 
Note that without this assumption, the result is obvious with 

We associate with the phase space points, the classical trajectories 

(*+(iU+(t)), {xt(t),&(t)), 
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and the actions S^ (t) , S^ (t) , associated with X+(x). 
For finite time, we have 

Theorem 1.17. Let a,j E S(H d ) and ip e J0,x) as above, for j = 1,2, and T > 0, 
independent of e . Then, the function 

^ e {t, x) - (tpl(t, x) + <p £ 2 (t, x)) X +(x) 
satisfies 

sup ||^"(i)||^ — >0. 
te[o,T] £ ^° 

For both cases, infinite time poses a problem that will be discussed in Section 
IH1 Note that superposition for d = 1 in large time case is proved in [3J, but the 
arguments are not valid for d = 2 or 3 (see Remark 16. 5p . 

2. Preliminaries 

2.1. About Strichartz estimates. Before beginning the proof, it is crucial to 
comment the main tool of the proof, the Strichartz estimates. 
For d = 1, it is possible to avoid difficulties by using an energy method, and the 
following weighted Gagliardo-Nirenberg inequality to estimate the nonlinearity: 

ll/ll^< £ - 1/2 ||/||^ 2 ||^/||^ 2 , 

which allows to control the rest (see [3J for the details). 

Unfortunatly, this method does not work in our case, with d — 2 or 3, since it is 
L 2 — supercritical. In fact, the previous inequality is not valid for d > 1, there is 
only the following one: 

ll/llL-<e-°||/|liri|eV/||£r, 
for r > d, and < a < 1 depending on r and d. So it is required to control the 
1/ — norm of eVw e for some r > d. An argument using the energy estimate enables 
us to find a control of the L 2 — norm of the rest, but this is not sufficient. Moreover, 
because of the presence of two modes, it is impossible to choose one, specifically 
and apply the method of [4], which consists in writing the exact solution as a per- 
turbation of the solution of a new equation, involving the Taylor expansion of the 
potential about a point x + (t) or x~(t). 

For this reason, we need Strichartz estimates. In the case of a scalar Schrodinger 
equation, the estimates are available for a scalar external potential, with less re- 
strictive conditions (the potential can be at most quadratic, see [8] and [9] and the 
discussion in [2]). 

In the matrix case, for a potential which is at most quadratic, there is no de- 
monstrated Strichartz estimate for this kind of matrix- valued Schrodinger operator. 
We choose a weaker potential, satisfying point (i) of Assumption ITTTl and for which 
Strichartz estimates are available. 
We infer the following result from [7]: 

Theorem 2.1. Let (p,q), (pi,Qi), (j>2,q2) be admissible pairs, such that 

q,qi,q2 ^ 2d/(d - 2), (q,q 1 ,q 2 < oo if d = 2). 
Let L be a finite time interval. Let us introduce 

u e (t) = e l i p{e) u and v 6 (t) = f e l ^ p{e) f e {r)dT. 

Jin{s<t} 
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— There exists C — C(q, \I\), independent of £ such that for all u$ €E L 2 (R, d ), we 
have for all s E I 

(2-1) IKIIl p( /,l,(r«)) < Ce- l /P\\u s (s)\\ L 2 ind) . 

— There exists C — C(qi,q2, \I\), independent of e such that for all 
f E G LP2(I,Li2(R d )) we have 

(2-2) \\v E \\ Ln(I , Ln ^)) < Ce- l ^- l ^\\n L , 2(IL , 2(Ild)y 

Remark 2.2. Let us first remark that the endpoint (2, 2d/(d—2)) ((2, oo) if d = 2) is 
excluded, as Strichartz estimates in [7J are not demonstrated for this pair. Besides, 
in [7J , the authors actually obtain the estimates with a localization. In view of point 
(Hi), the eigenprojectors are constant for x large enough, and for this reason, we 
can drop the localization. This point is more explicitly discussed in Remarks 4 and 
6 of [7J. Finally, let us emphasize that, thanks to the absence of crossing points, we 
obtain the same Strichartz estimates than in the scalar case, without any further 
loss. The estimates in the general case of [7J, where the eigenvalues might cross, 
are weaker. The procedure to obtain (|2.ip and (J2.2I) is sketched in the Appendix [XI 

2.2. Strategy of the proof. The main difficulty is due to the fact that the pro- 
jectors do not commute with P(e). We will adapt ideas of [3 to our situation. 
We study the problem for large time, assuming (|1.10[) . 
We first observe that the function ip € satisfies the following equation : 

(2.3) ied t <p £ + ^-Atp e - \+(x)tp e = ks l+d/2 \<p e \ 2 tp e - n s {t,x)<p £ , 



with tpf,(x) = e -d/i^t-(x-x+)/e a (^0-Y 



for all x G R d , and where 



TZ 6 (t,x) = X+(x) - X + (x+(t)) - VA+(i+(t))(i - x+(t)) 

-\(Q + (t)(x-x+(t));(x-x + (t))). 
We denote by w e the difference between the exact solution and the approximation, 

w 6 (t, x) = ii e (t, x) - (p 6 (t, x)x + (x) , 
which satisfies w? t _ = (or wf t=0 = 0(e la ) in the framework of Remark ll.9|) and 

S 2 e 

iedtw £ {t,x) + —Aw e (t,x) -V(x)w e {t,x) =eNL (t,x) + eL e (t,x), 
where 

nl = Ae d / 2 (\r\hr - i^ £ i Vx + ) , 

L e = e^ 1 TZ e {t 1 x)ip £ x + (x) - ^V 5 A X + -eS7ip £ d X + eV<p £ . 

Using (jl.101) and (|1.4|) . we can treat the first and the second terms of L £ which 
gives: 

e-^V = O (V^e ct ) , 
and 

e(p e A x + = 0(ee ct ). 
Observing that the last term satisfies the following equality: 

eVip s = i£ + (t)tp e + O (\^e ct ) , in L 2 (K d ). 
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and using (jl.61) , we infer that the last term of L e brings a difficulty, as it a priori 
presents an 0(1) contribution. This is an obstruction to prove that w 6 is small 
when e tends to zero. Therefore, we have to introduce a correction term to w e , to 
get rid of this difficulty. 
We denote by g e , the function solving the Schrddinger equation 

ied t g e {t,x) + jAg s (t,x)-X-(x)g e (t,x)=r(t,x)ip e (t,x) ; 3 e (0,x) = 0, 
where 

(2.4) r(t,x) =-i(d X + (x)t(t),X-(x)) C 2- 

Let us remark that the above-mentionned quantity is bounded with bounded deriva- 
tives, thanks to (fl~4l and fli~6l): 



(2.5) \/ P e N,Va e N d ,3C > 0,Vt e R,V.t e R d , |d£<9£r(i,a:)| < C. 

To deal with the nonlinearity, we need to control the L 2 — norm and L 4 — norm of the 
correction term g e (t) and its derivatives; we have the following proposition, which 
holds for large time; it will be proved in Section 13.11 



Proposition 2.3. Assuming (|1.10[) . for p € N, there exists C = C(p) such that 

ll<? e (*)lk* < e ct , Vi>0. 

Moreover, for all a € N d , there exists C = C(a) such that 

\\s lal d°g E (t)\\ Li < e- d/4 e ct , Vi > 0. 

We now set 

6 e (t,x) = w e (t,x) +eg e (t,x)x-(x). 

This function then solves 

(2.6) 

e 2 
ied t e e (t,x) + — A9 e {t,x)-V(x)6 E (t,x) = eNL e (t,x) +eL 6 (t,x), 6> £ (0,x) =0, 

with 

(2.7) JVL e = Ke d ' 2 (|^ X + + « e - £S e X-lc* (v E X+ +0 S ~ eg E X -) - \<P £ \ Vx+) 

L £ = Z £ + (W<f + i-A<f - A_(z) 5 £ ") x _ + £ 2 d X -V 5 e + y ff e A x _, 

(2.8) = 0(V^e ct ) + s 2 d X -Vg £ + y.9 £ A X _, 

where the 0(y/ee ) holds in L 2 . Then, using the control of the eigenvectors (|1.4j) 
and the control of g e , given by Proposition 12.31 we infer 

\\Lt(t)\\ L2 =0(VSe ct ), 

where C is independent of e. 

Remark 2.4. In view of Propositioii [i~6l for all T > 0, there exists a constant C > 
independent of e, such that 

||i e (*)IU 3 <Ce 1/2 , Vte[0,T]. 
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Besides, we can write Proposition 12. 31 for finite time intervals, which gives : 
Set T > 0, then for p £ N, there exists C = C(T,p) such that 

\\g s (t)\\ H v<C, We[0,T]; 

and for a £ N d , there exists C — C(a, T) such that 

\\eWd"g s (t)\\ Li <Ce~ d /\Vt£{0,T}. 

These estimates will be useful to deal with finite time intervals. 

The proof of Proposition 12.31 about g 6 , is presented in the following section. Sec- 
ondly, the final step of the main proof, analysing the behaviour of 8 e as e goes to 
zero is studied in Section 13.21 for finite time case, and in Section 13.31 for infinite 
times. Then, the behaviour of the profile u, important for large time case, is dis- 
cussed in Section @] and the analysis of the one dimension case is done in Section \5\ 
Finally, Section [6] is devoted to the proof of superposition results (Theorems 11.161 
and 1133. 

3. Proof of the main results 

3.1. Estimate of the correction term. In this section, we prove Proposition ^. 31 
assuming that we have the exponential control (|1.10[) . The proof of Remark 12.41 
follows the same lines, in view of Proposition II .61 

In view of the control of the classical trajectories and of the profile u, for all peN, 
there exists C = C(p), such that 

(3-1) lk e (t)llH|<e Ct , Vt>0. 

Besides, if we have the exponential control of u and of its derivatives, stated in 
(|1.10[) . we note that d"u(t, .) is in L°° for all a £ N d . From this estimate, we infer 

(3.2) Va £ N d , 3C = C(a), ||el a IS£'^ e (t)||i- < e- d/A e ct . 

Write U±(t) = e l e p± ( e \ the semi-group associated with the operator 

e 2 
P±(e):=-yA + A±(s). 

We observe that for peN, there exists a constant K = K{p) such that 

(3-3) \\UUt)\\c { H»)<e m - 

For A+ and A_ as in Assumption 11.11 we have the following lemma, which will be 
needed to estimate the correction term g e . Note that the crucial point is that the 
eigenvalues satisfy Point (ii) of Assumption ll.il 



Lemma 3.1. For T > 0, there exists a constant C such that 
Vt£[0,T], VpeN, 



- I Ul{~s)U e (s)ds 
teJo 



< Ce ct . 

C(H? +1 ,Hi) 



The same estimate remains valid if we permute U+ and Ut ■ 
Proof. This proof follows [3 , Lemma 3.1. We first notice that 

U%{-t)UL{t) = ieUH-t) (A+ - A_r x U £ + (t)d t (U s + {-t)U e _{t)) . 
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Then, by integration by parts 



1 



is 



U E + (-s)U E _{s)ds = \u E + (-s) (A+ - A-T 1 Ui(s) 



d s (Ul(-s) (A+ - A^)- 1 U s + (sj) Ul(-s)U s _(s)ds. 



Write 7 = (A + — A_) . Using (|1.4|) . and point (ii) of Assumption 1 1.11 we infer 
that 7 is bounded with bounded derivatives: 

VaeN d , 3C>0, \d^(x)\<C. 

Since the propagators map continuously H^ into itself, uniformly with respect to s, 
we infer 

Vp £N,3C = C(p), || [Ul(-sftUl(8J\lU (HStHS) < C(p)e c ^ t . 
Besides, we have 

1 U%(b) 



ch 



— A, 7 
2 ' ' 



(UU-S) (A + - A^)- 1 U%(8)) = Ul%irs) 

= Ul{-s) (id x7 (x)ed x + isd 2 xl {x)) U E + {s). 
Combining : 

\\Ul{-s)d xl (x)sd x Ul( S )\\ c(H ^ M) < e Cs , 
and \\U E + (- S )d 2 xl {x)U E + { S )\\ c(mM) < e Cs , 
we complete the proof. 
We now prove Proposition [ 



□ 



Proof of Provosition \2.3[ We follow the steps of [3J, Proposition 3.2. 
Let us write ip £ (t,x) = r(t,x)ip E (t,x), then we have 

2 \ 2 

isd t + v A - X +( x ) ) ^ = ke 1+d/2 \<p e frcp e - K E r<p E + isd t rip E +?- [A, r] tp e ; 



with f e = ks d / 2 \(p £ \ 2 np E + id t np E + — [A,r] <p E — s~ 1 TZ E r<p E . By Duhamel's formula, 
we obtain 

^(t) = U E + (t)^(0) - i f U E + {t - s)f e (s)ds. 
Jo 
We deduce 

g E (t) = - [ U s _(t-s)r(s)ds, 

= — f Ul(t-s)Ul(s)^(0)ds- [ - I U E _(t - s)U E + {s - T)f e {r)dTds. 
i £ Jo Jo £ Jo 

We write U E _ (t — s) = C/f. (t — r)J7f. (r — s) and applying Fubini's theorem, we obtain 



9 e (t) = - / Ul{t - s)U E + {s)^(Q)ds 



is 



U E _(t-r) / U 6 _{t - s)UUs - T)f E { T )dsdT. 
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Using Lemma 13.11 we have 

11/11*1 <e ct + /V (t - T) ||/ e (T)|| fff+1 dT. 
Jo 

It remains to study f e . We write f s = ff + /|, with 

ft = id t np e + | [A, r] (f e - e _1 ft e rp e , and /| = Ae d/2 \<p E \ 2 r^ . 
By (|2.5p and (|3.ip , it is straightforward that 

H/i(*)llHf+i;$e Ct , 

provided that (£ , xp) p +i+3 is satisfied, to deal with the term e TZ e rip e . 
Besides 

ll/f(i)ll fff+1 =£ rf/ >I^Vll fff +i, 

<£ d/2 ||^|| HP+1 sup || e l«l9^ £ |||oc 

0<|a|<p+l 

where we have used the control of ip e , (|3.1[) and (|3.2j) . and the proof is complete. 

The proof of the other estimate is based on a Sobolev embedding and on Holder 

inequality. 

Letp G N and a e N d , such that |a| < p. We first notice that H d / 4 (R d ) <-> L 4 (R d ), 

and infer 

\\e^d«f(t)\\ L . < c|| e l a l^ e (t)|| H */*. 

Besides, we introduce the following Lebesgue exponents 



<7= -,, r = 



d' 4-d 

Using the interpolation inequality, 

l|e H W(0IU'/« < c\\e^d^^t)\\ 1 L - d/4 \\s^d^f(t)\\'Jlt 
we write 

||£ H ^ 5 e (t)|| Kl - \\e^d°f(t)\\ L2 + \\d x (eH^YW) || l2 , 

<ll5 e (*)ll/fI+£- 1 ||9 £ (t)ll fff+l! 
and, using the first estimate of Proposition 12.31 the proof is complete. □ 

3.2. End of the proof of Theorem 11.71 We now prove Theorem 11.71 In this 
section, we consider finite time intervals, we will use the estimates of Proposition ! 1.61 
which imply Remark l2.4l We divide the proof into three steps : first, we will analyse 
a Strichartz norm of if 6 , which will lead to introduce a bootstrap argument. Then, 
using the bootstrap assumption, we will prove the theorem, before checking the 
validity of the bootstrap in the final step. 

Step one : 

We recall the equation satisfied by the rest 6* £ , (|2.6j) : 

£ 2 

ied t 6 e (t,x) + — A9 e (t,x)-V(x)0 e (t,x) =eNL e + eL e ; 6> £ (0,x)=0, 
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where NL e and L e are defined in (|2.7p and (|2.8p , respectively. The Duhamcl formula 
gives 

j-t + T 

s (t + r) = e l i p{ ^9 e {t) - i / e^ t+T - s)p< - e] NL £ (s)ds 

-i f t+T e^ t+T -^ p ^L s {s)ds. 
We introduce the following Lebesgue exponents: 

8 A S 

P = - ; <7 = 4 ; ct 



d ' * ' 4-d 

Then, (p, q) is admissible, and 

12 1 13 2 1 

p' a p q' 4 q q 

Let t > 0, r > and I = [t, t + r]. Strichartz estimates of Theorem 12.11 yield 
\\e £ h»(iM) Z e- 1/p W{t)\\ L , + e- l lv\\U\\ Ll{hL2) 
+ e-^\\NL £ \\ Lpl{lM} . 
In view of the pointwise estimate 

(3-4) \\<p e X + + e - eg E X -\c*(<P E X+ + E - eg E X -) - 1^1 Vx+ 

<(\^\ 2 + \d £ \ 2 +s 2 \g s \ 2 )(\9 s \ + \eg E \), 
and using Holder inequality, we infer 

WWlhi.l*) < e-^W(t)\\ L2 + e-V'WL'Wvw + e^ 2 ^ (||^|||. (7 , £9) 

+ W\\l° ( IM) +Z 2 \\9 6 \\h(I,L*)) (\m\L*(I,L«) +49 E \\Lni,L«)) ■ 

We have 

(3.5) y e (t)\\ Li = e- d / & \\u(t)\\ Li < C{T)e- d f\ 

x — x + (t) 
with y = — . Besides, using Proposition 12.31 again, we obtain the estimate 

v^ 

(3.6) e 2 \\ 9 e (t)\\% < C{T)e 2 ~ d '\ 

with 2 - d/2 > 1/2. 

Therefore, it is natural to perform a bootstrap argument assuming, say 

(3-7) \\8 e (t)h* < e" d/8 . 

In the rest of the proof, we will not mention dependance in T of the terms. 

Step two : 

In this step, we assume that (|3.7|) holds on [0,T] and show : 

(3.8) l|0 e (*)IU= < C{T)e l '\ 

and 

(3-9) W\\LnM^)<e 1,2 - d ' 8 - 



14 L.HARI 

As long as (|3.7[) holds, we have for all s £ I : 

||* e ||L-(/ 1 L«) £ £- 1/P ||^(s)||^ 

+ £- 1/p ||i £ ||L 1( /^) + r 2/ff (H^lliPC/.i.) + e||5 e ||iP(/,i«)) 
where we have used (|3.5p . (I3.6P and (|3.7p . with 

d 2 2d 

2-p-y =0 - 

Integrating in s, between t and £ + t, we get 

WW LP (I, Li) 



< e-V*T- 1 \\0 B \\v(i,v>) 



+ e- 1/p \\L E \\ LHItL2) + t 2 ^ (\\0 e \\ LHl>Lq) + e\\f\\ LP{1M) ) . 

We choose r <C 1 and from now, r > is fixed, so that r _1 is a constant. We 
recover the interval [0, T] with a finite number of intervals of the form [jr, (J + l)r] 
and obtain 

W\\lp([o,t],li) ^e II^ e ||i 1 ([0,T],£ 3 ) + e P ||i e ||Li([o,T],L 2 ) +e||.9 e ||Lp([o,T], L^- 
Using Strichartz estimates again, and previous estimates, we have, for < t < T, 

l|6 ,e ||i=°C[o,t],z J 2 ) < ||L e || L i( [0i 4]]L 2) +e" 1/p ||A r i e || L p'([ ,t],L g '), 
(3.11) < ||L e || L i ([0 , t] , L2) + e^-VP (\\<p s f L „ m]iLq) + \\6 s f L „ m]iLq) 

+ £2 \\9 e \\ 2 L"([Q,t]X")) {\\8 £ \\LP([0,t],Li) +£\\g e \\LP([0,t],Li)) ■ 

Thanks to ([33]l. (J3SJ), (ETTU|) . and under ([37F]) . we obtain 

||0 e ||L°°([o,t],L2) ^ ll-^ s ||i 1 ([o,t],2v 2 ) + £ 1+1 \\g e \\Lp{ln,t].L") +* 2/CT ||^ e |U I ([o,t],L 2 ) ) 

^ H^ll^dO.tl.i 2 ) + £l_ + ||^ e |U 1 ([0,t],L 2 )- 

We use the following estimate, given in Remark 12.41 for is [0,T] : 

W\W {m , L *)<e l /\ 
We notice that 1/2 < 1 — d/8, for d = 2, 3, and we infer 

(3.i2) iriU-ao,*],^) < e 1/2 + II^IUmio,*],^)' 

By Gronwall Lemma, we obtain the estimate (|3.8[) . Combining (I3.10p and (13.121) . 
we obtain the announced estimate (|3.9p . under (|3.7j) . which concludes this step. 
Step three: 

It remains to check how long the bootstrap assumption (I3.7[) holds. For this, we 
look for a control of 9 e (t) in Hi . We differentiate the system (J2.6I) with respect to 
x, and we find 

ie9 t (eV6» £ ) + — A(eV6> £ ) - V(a;)£V(9 £ = eVV{x)0 e + e 2 VNL E + e 2 VL e , 

eV9 e (0,x) =0. 
Using Strichartz estimates again, we find 

l|£V^|| LP(/ , L9) < e-^HeV^^IU, + £ - 1 / p ||V^|| L1(/!L2) 
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We observe that, thanks to Assumption 1 1.11 |VV(x)| < C. Besides, by Remark l2.4l 

we have 

(3.13) \\eVL e {t)\\ L 2 < Ve, for < t < T. 
The only point remaining concerns the term eVNL e . We have 

| £ ViVX e | < e d ' 2 (|^| 2 + n 2 + e 2 \g s \ 2 ) (|eV0 e | + £ 2 |V(<f X -)l) 

+ e d / 2 \eV^\\^\(^\+e\f\). 

We notice that 

lkV^(t)|| L 4 < e^ 2 - d ^\\Vu(t)\\ Li +e- d ^\\u(t)\\ Li < C{T)e- d '\ 

using Proposition II .61 with 1/2 — d/8 > 0, we infer by (|3.5[) 

(3.14) \\^xeV^(t)\\ L 2<e- d ^. 
Then, we can write, thanks to Holder inequality : 

e- 2 ^\\eVNL^\\ LP , { ^ Lql) < s^ 2 ^ (\\^f L , (IM) + W\\ 2 L , (IM) + e 2 \\f\\ 2 La{IM 
(\\eVe e \\ LH i tLg) + e 2 \\V(g 6 X -)\\Lp(i,L*)) 

+£ d/2-2/ P ye £V ^|| L „ /2(/jL2) (m\ LHIiLq) +eU\\ LP{IM) ) 

The first part is handled as before, using estimates (J33J), (|3.6p and (|3.T|) . For the 
second part, using (|3.9j) instead of (|3.7|) . we find 

e- 2 fv\\eVNL s \\ LP , {IMl) < r 2 ^\\eV^\\ LP{IM) + ^/^i/a-^ 

where we have used that d/2 — 2/p — d/4 = 0. We infer for s <G / : 

lleVr \\ LP{IM) < e-^leW* (s)|| L2 + £- 1/p ||^ || L i (/ , L2) + e- l ^\\eVL s \\ LHItL2) 
+ T y« £ i/2-d/s + T 2/« ll£W9 e hpiiLqy 

By integration on /, we obtain : 

lleV^IU^,) < e- 1 ^T- 1 \\eVB s || L i (7>L2) + e^l^H^/,^) 

+ e - 1 ^||eV^|| L1(AL2) +r 2 / CT e 1 / 2 - d / 8 + T 2 / CT || £ vr|| LP(7 ^ ) . 

We choose r sufficiently small to absorb the last term, and repeating this procedure 
a finite number of times, to recover [0,T], we obtain 

(3.15) ||eV0 e ||LP( [0 ,n,L*) £ £" 1/p l|eV^|| L1([0 , T]L2) + e V2-<*/8 j 
where we have used (|3.8p . (|3.13[) and that 

||^ e ||i 1 ([0,T] > i 2 ) + lkVL e || L i([ 0i T],L 2 ) ^ £ • 

Now, for £ S [0,T], Strichartz estimates yield : 
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||£V6> e || L cc([ ^ L 2) 

< ||VFr|| il([ o, t ], i2) + ||eVi/|| L1([ o, t] , L2 ) + s- 1/p \\eVNL s \\ Lplm]!Lql) 

^ II^IIlhIo^l 2 ) + ||eVL e || L i([ 0]t ] jL 2) 

. _d/2-l/p f\\,„e\\2 , ||/)E||2 , 2|i ei|2 "\ 

+ e ' (JI</> lli°-([0,t],i«) + lr lli"([0, t],L9) + £ IIS lli"([0,i],Z,«)J 

{\\eV6 e \\ LPmiLq) + e 2 ||V(<7 £ x-)llLp([o,t],L 5 )) 

+ e d/2-i/ P ||^ eV ^|| L2/tj([ot] i2) (||6) e || LP([0 ^ Lg) +e\\g e \\ LP{[Q . t] . Lq) ) , 

< r /CT ||^ e ||z,i([ ,t],z,2) + ||eVI/ e ||z,i([o,t],z, 2 ) 

+ £ «I/2-l/p-«l/4|| eV ^|| ii>([MjW) +e d/2-l/p-d/4. x e l/2-d/8 j 

where we have used (|3.5[) , (|3.6[) , (|3.9[) , (|3.14[) ; and where the powers of e given by 
the correction term g £ are not written as they are better than the powers above. 
Using iprg]) . (j3~T3f and (|3~T51) . we now have 

HeWIU-ao,*],^) <£ d/8 x (e- 1/p |kVr|U 1([0 ,T],L 2 ) +£ 1/2 - rf/8 ) +£ 1/2 

(3-16) <||eV0 E |Ui ([o , T])i2) +£ 1/2 . 

Then, using Gronwall lemma, we obtain 

IkV^WIU^e 1 / 2 , Vt€[0,T]. 
Gagliardo-Nirenberg inequality then implies 

< £ -rf/4+l/2 < £ -d/8 g l/2-d/8 

with 1/2 - d/8 > because d < 3. We infer that (|3J| holds for finite time. This 
concludes the bootstrap argument and we infer 

sup (\\e s (t)\\ L * + \\sV6 e (t)\\ L z)-^0. 

0<t<T E ^° 

Theorem 11.71 then follows using Proposition 12.31 and the relation 8 e = w 6 + eg e X- ■ 
Remark 3.2. If the initial datum is such that : 

with rj e (x) + eVri e {x) — C(e 70 ) in L 2 , the initial terms 6 e (0,x) presents, a 0{e 10 ) 
contribution in Hi , and we add a term in the estimate p. lip . Therefore, performing 
the same bootstrap argument (|3.7I) . we obtain for t € [0,T] : 

||/1E|| <■ _l/2-d/8 I ^.-d/8+70 

and this gives 

II^IU~ (M ^)<c(r)( £ 1 / 2 + ^). 

The estimate for the derivative writes : 

\\sV6 s \\ LHmM) < e l ' 2 - d l* + e- d ' &+ ^ + e- d / 8 || e W £ || Lmt] , L2) , 
and finally, by Gronwall Lemma, for t € [0,T] : 

||£Vr(i)|| L2 <C(T)(e 1 /2 + e 7o N 
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Gagliardo-Nirenberg inequality then gives 

\\e%t)\\ Lq <e- d ^\\e%t)\\ l -, d/i \\ewe%t)\\% A 

< e -d/S £ l/a-d/6 + e 7o-rf/8 

with 1/2 — d/8 > for d < 3 and 70 > d/8. This implies that the bootstrap 
argument (13. 7|) holds for finite time, whence the result of Remark ll.9l 



Let us notice that the proof of Theorem 11.71 crucially relies on the result of 
Proposition ll.6[ f° r k < 6. Therefore, in order to deal with large times, we need to 
have the exponential control (J1.10[) . 



3.3. Large time case. Our aim is now to prove Theorem 11.101 and to find that 
the approximation holds until T e = Cloglog(e _1 ), for some suitable C > 0. 
We assume that we have the exponential control (|1.10[) for k < 6, which gives us 
the following estimate on <p e (t): 

y e (t)\\L H ^)<e- d/s e c,t . 

Therefore, we make the following bootstrap assumption on 9 s (t): 

II^WIlL W <£- d/8 e C \ t€[0,T}, 

where C denotes the same constant as above. By Theorem 11.71 for any T > 
independent of e, the bootstrap assumption is satisfied, provided s £]0;£t]. 
We recall the estimate of the proof of Theorem 1 1.71 with I = [t, t + r], t > 0, r > 0, 
s £ I before the absorption argument : 

W\\l>U,l*) £ s- 1/p W( S )\\ L , + e-V'WL'Wvw + e d ' 2 -^ (\m\l« (IM) 

+ W\\l° { i M) +e 2 \\g E \\l° { i M) ) (\\0 s \\lp(im) +e\\9 e \\L*v,L*)) ■ 

To simplify notations, we assume r < 1. Then we use the new estimates on (p 6 (t) 
and as long as the bootstrap argument holds, choosing a larger C if necessary, and 
by integration in s, we have : 

W\\l*{I,I*) < K (e- l,P T- X \\P\\zAW) + £- 1/p ||L e ||L 1( /,L 2 ) 

+ T 2 l°e 2C ' t W-\\ LHIM) +e l - d ' i T 2 l° +l IVe c ' t ) , 

where if is a constant independent of e. We want to apply the absorption argument, 
and to have the term KT 2 / a e 2C t \\0 e \\Li>{i,L<') De absorbed by the left hand side. We 
first notice that for t < Alog(e _1 ), 

KT 2/* e 2C>t< KT 2/v £ ~2AC'^ 

We choose r > such that 

Kt 2Io -2AC- < I 

~ 2 
which implies that r and r _1 are bounded by constants independent of t. We then 
obtain 

W\\lv ( i.m) < er l,p W\W{i,») + e- 1/p W\\ L1(IM2) + e*- d '*e°' t . 
We recover [0, t] with a finite number of intervals of the form [jr, (j + l)r] and we 
obtain for t < Alog(e _1 ) : 

(3.17) \\6 s \\ LPm]M) < e - 1/p ||r|U 1([0j t],^) + e- 1/p ||L £ || L1([0 , t] , L2) + e 1 - d ' i e c ' t . 
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Then, thanks to Strichartz estimates again, we have 

ll^ E |U~([o,t],i 2 ) i$ I|£ £ ||li([o, t],£ 2 ) + £~ 1 \\ NLe \\Lp'([o,t],Li')y 

^ ll^ e ||z- 1 ([o,t],z, 2 ) + e d/2 ~ 1/p (\\<p £ \\ 2 L <,({o,t],Li) + \\° £ \\ 2 L"([0,t],Li) 
+ £2 ||.9 £ |lL"([0,t],L<!)J (W\\LP([0,t],Li) + s\\g e \\ L P([ 0t t],Li)) 

< \\L e \\ L i m ],v) + e 1/p t 2/ff e ct (e-V'W llLi([o,t],^) 

+ £ - 1 /p|| L ,|| L1([0 ^ L2)+e l- rf /4 e C^ 

< _l/2 „Ct , ||/)E|| -Ct 

Finally, Gronwall lemma yields : 

(3.18) \\0 e {t)\\ L 2<e 1/2 e eC \ Vt > 0. 

From (|3.17[) and (|3.18p . we infer the following estimate : 



\LP([0,t],Li 



< £ l/2-d/8 e e 



We have to check how long the bootstrap argument holds; using the same method 
for eV# E , we obtain 

\\eVe s \\ LP(ItLq) < e- 1 ^eV9°(t)\\L>+e- 1/p \\eVVP\\vV,v>) 

+ e-V'WeVL'Um^ + s- 2 lv\\sVN^\\ LP , {LLq , y 

The nonlinear term writes 

e- 2 lneVNU\\ LP , {LLql] 

< e*' 2 -^ (\m\i« {IM) + wnUw +£ 2 \\9 s \\Ui,l,)) 

(lleV^lliPfj.i.) + s 2 \\V{ 9 £ x-)\\lp(i : l*)) 
+ £d /2-2/ PW £V ^|| W2(/iL2) (H^lli,^,) +e|| 5 e ||L».(/ 1 L«)) , 
< T 2 l°e Ct \\eVe e \\ LnitLll) +r 2 /V/ 2 - d / 8 e eCt , 
and we have for all s 6 I : 

< s-^WeVe^s)]]^ + £- 1/p ||£V^ £ || Ll(/!L2) + e-VPUeV^IUi^a) 

+ T 2 l°e 2Ct \\eV6t\\ Lv{IM) + T V- £ ^^/s e e ct 
<K (e-V'WeVPWWv + ^e Ct \\e^d s \\ L , {IM) + r^e^-^e^) 
Integrating on I, we have 

\\eve s \\ LP(I , Lq) < k (e- 1 ^ T - 1 \\€ve e \\ LHItll , ) 

+T 2/ °e ct \\eVec\\ LP{IM) + T V° £ i/2-d/z e e^ 
With t < Alog(e _1 ), we choose r such that 

Rt 2/v -2AC < 1 

~ 2' 
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and repeating the same procedure, we obtain 

\\sV6 s \\ LHmM) < e -VP|| £W |U 1([0)t])i2) + e 1/2 - d/8 e e °\ 

Then, using Strichartz estimates again, we find 

\\eV6 s \\ L oo m]tL2) < e Ct \\eV6 s \\ Lim] , L2) + e 1 ^ , 

and Gronwall lemma yields 

||eV6» e (t)|U 2 < e 1/2 e e0t , Vt > 0. 

It remains to check that the bootstrap argument holds for t < cloglog(e _1 ), for c 
sufficiently small. We use the weighted Gagliardo-Nirenberg inequality to have : 

r (*)IU* < e- d/ ne%t)f L ~z d/ %ve s (t)\\% i , 

<Ks- d ' i e 1 / 2 e eet . 
Therefore, taking e sufficiently small, the bootstrap argument holds as long as 

with 1/2 — d/8 > 0. We check that for large t and e sufficiently small, it remains 
true for t < cloglog(e~ 1 ), with c independent of e. The proof of Theorem 11.101 is 
now complete. 

Remark 3.3. In order to deal with initial data which are perturbation of wave 
packets, as in Remark 11.91 but in large time case, we have to check how long the 
bootstrap argument holds with new terms appearing from rf . We have (using the 
estimates obtained in Remark I3.2J) : 

\\d 6 (t)\\Li<(e 1/2 +e^<)e eCt 

||eV0 e (i)|| L 2 < (e 1 ' 2 + e^ e eC± , 
for all t > 0, with 7 > d/8. Using Gagliardo-Nirenberg inequality, we find 

W(t)h< < e- d/4 W(t)\\^ d/i \\^e s (t)\\% i 

< ( £ l/2-d/8 + £ 7o-d/&\ £ -d/S e 

The bootstrap argument holds as long as 



-e-°\ 



(•■ 



/2-d/8 +£ ~fo~d/8\ £ ~d/8 e e ct < £ -d/8 e Ct 



and since 70 > d/8, the above condition is ensured for t < Cloglog(e x ) for some 
suitable C, and this gives the approximation for large times. 

4. Growth of Sobolev norms and momenta of the profile 

In this section, we will focus on the behaviour of u(t) for large time and prove 
Proposition 1 1.1 21 which gives an additional case where Theorem II .101 holds. 

We first recall some results that follow from [9] (see Theorem 2.2 and Corollary 2.7 
of this paper) and [TS] . We consider Q + satisfying 

sup|Q + (t)| < +00, 
then, the following (local in time) Strichartz estimates hold. 
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Proposition 4.1 (Strichartz estimates for quadratic potentials). Let(p,q), (pi,qi) 
be admissible pairs, defined in Definition \1.11[ Let I be a finite time interval. We 
consider u, the solution to 

id t u J r—Au— — (Q + (t)x\x)u = f ; u(0,x) = uq(x). 

where uq G L 2 (R d ) and f G L p ~>- (I , L q i) . Then, there exists C — C(q,qi, \I\), such 
that for all s € I 

\M\lp(i,l«) < C||u || L 2 + 11/11^(^,1) = C\\u(s)\\ L 2 + ll/ll L p' 1( ^ L ,i)- 

We prove the following lemma, since it is the first step of the proof of Proposi- 
tion rrn 

Lemma 4.2. Let d = 2 or 3. Assume A > and : 

C 



l« + <'> 



< 



(l + |f|)"° + l' 

with kq > 2. We consider u, the solution to the Cauchy problem (11.81) . Then, there 
exist C\ , Ci > and 7 > such that 

\\Vu(t)\\ L * < Ci, \\xu(t)\\ L 2 < C 2 (l + |t|r +1 . 
Moreover 

l|Vu|| L p ( [ ,t],£*) + lkw|| LP ([ ,t],i9) < (1 + \t\) 1+2 - 
Proof. We use an energy argument and set 

E(t) = l\\Vu(t)\\ 2 L2 + j\\u{t)\\L* + \J d (Q + (t>,x) \u(t,x)\ 2 dx, 

and 

Vit) = \ f \x\ 2 \u(t,x)\ 2 dx. 

We have : 

E'(t) = \J (f t Q + (t)x;x\ \u(t,x)\ 2 dx, 

V'(t) =2Im / (x.Vu(t, x)) u(t, x)dx. 

jR d 

We introduce the following quantity : 

A{t) = E{t) + {l+ C w+s V{t), 

with 5 > 0. For C large enough and choosing S -C 1 such that 2 < 2 + 5 < kq, we 
obtain 

Ait) > \\\Vu{t)\\ 2 L2 + \\\u(t)\\i* + jYTW^ V{t) ' 



Then, using all these estimates, we have : 



1 



V2 . V(4.\ < (-1 1 \i\\- 2 - S 



^ (t) ~ (i + itD"°+i y(t) ; ^(«)<(i+|tir— Ac*), 
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and combining these estimates, we obtain 

" ((l + ltl)-"- 1 - 5 + (l + |t|)l+«V2 J A W' 

< ~A(t), 

~ (i + \t\y+s 

for some 5 > 0. By Gronwall Lemma, we find \A(t)\ < C, whence 

(4.1) l|Vu(i)|| L2 < C, \\xu(t)\\ L i < C(l + |i|) 1+;? , 
where 7 > 0. And since ||u(i)||^ 4 < A(t), we deduce 

ll«(*)IU« < c. 

Besides, the derivative and the first momentum of u satisfy the following equation: 
id t {Vu) + -A(Vw) - - {Q + {t)x; x) (Vu) = Q + (t)x u + AV (\u\ 2 u) , 

and 

idt(xu) + -A(xu) - - (Q + (t)x; x) (am) = Vu + A|u| 2 (am) . 

We set 7 = [t, t+r], with t > 0, r > 0, and (p, g) any admissible pair. We recall that 
(8/d, 4) is the admissible pair introduced in the previous proofs, and er — 8/(4 — d), 
which will be useful for the absorbtion argument. We have, thanks to Strichartz 
estimates given in Proposition ^. II : 

ll^ 7u ll(LP(7 + <!))n(L8/d(/ iI ,4)) 

< l|V«(t)|| £ J + ||Q + (^)a;u|| L l(/ iL 2 ) + ||V (\U\ 2 U) || L 8/(S-d) (/iL 4/3 ) 

< ||Vu(i)|| L 2 + \\xu\\ L l( IiL 2 } + ||w||l < ,(7, L 4 ) ||Vu|| L 8/ ll (J jL 4 ) 

^ ||Vti(<)||z,a + ||a;w||ii(i,Lii) +T 2/<T ||w||| = e (/H i ) ||Vii|| L 8/d (/iL 4 ) , 

where we have used Holder inequality and the Sobolev embedding (with d < 4). 
Then we have by (|4.1j) 

(4.2) ||Vu|| (LP(/!Lg))n ( L8/d(/iL4) ) < ||Vw(t)|| L 2 + ||xu|| L i ( ^ L 2 ) +r 2/ ' T ||Vw|| L s/d (7iL 4 ) . 
Similarly, we have : 

\\ XU W(L*(I,L<'))r\(L«/*(I,L*)) S\xu(t)\\ L 2 + ||Vw||z,1(j j7j 2) + |||u| 2 (XU) ||z,8/(8-d)( Zji 4/3) 

(4.3) < ||xu(i)|| L 2 + \\Vu\\ L i(i iL 2) +T 2/a \\u\\ 2 Loo{IyH1) \\xu\\ L 8/ d{ItLi) . 
Combining (J4.2I) and (|4.3p . and choosing r sufficiently small, we obtain 

W'^ U \\(LP(LLi))n(L g / d (I,L i )) + H a;M ll(LP(/ + <!))n(L 8 / d (7,L 4 )) 

^ l|V?i(t)|| L 2 + \\xu(t)\\ L 2 + ||VW|| L 1(/, L 2) + ||XU||/ J 1 (/:JL 2 ) 

< (l + (t + rr+ 2 ), 
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with 7 > 0, where we have used (|4.ip . 

Using the above estimate for t = 0, r, 2r, • • • , jt for j S N, and by induction on j, 

we finally obtain the following estimate on [0,i], for all t > : 

(4.4) ||Vu||^ J ,Q 0]t ] ]ig ^ n ^ i8/(i Q 0it ] iL 4)-) + lFw||( i p([o it ] i i,g)) n (i8/ I i([o ]t ] ] i,4)) $(1+*) i 

for any admissible pair; and the proof of the lemma is complete. □ 

We now prove Proposition II. 121 

Proof of Proposition \1.1S\ We argue by induction. The case k — 1 is given by 
Lemma [4.21 Assume now that the result holds for k — 1; we will prove it for k. 
The first important point is to notice that it suffices to analyse the derivatives and 
momenta of order k. In fact, the following inequality holds : 



£ Hx^ulU, < C 

\a\ + \(3\<k 



\{l + \x\) k u\\ Lq + ]T ||9>|U, 

\a\<k 



It is an easy consequence of Theorem 5 of [16] . 

For all a £ N d such that \a\ = k, u satisfies the following equations : 



ldt{d>) + iA(9» - i (Q + (t)x;x) (9» 



±[d^(Q + (t)x;x)]u + AdZ(\u\ 2 u) 



and 



id t {x a u) + -A(a: Q u) - i (Q + (t)x; x) (x a u) = i [A, x a ] u + A\u\ 2 {x a u) . 

For conveniance, we distinguish cases d — 2 and d = 3. 

Case d = 2 : Here, the usual admissible pair, used to deal with the nonlinearity, 
is (8/d,4) = (4,4), and cr = 8/(4- d) — 4. Strichartz estimates on I = [t,t + r], for 
t > and r > then yield : 

\\dM(L^(i,L^n(L H i,L^ < ||#«(t)|U» + ||#(|u| 2 u)ILv»(/,lV») 

+ ||[^,(Q+(t)x;x)H| L1(/!L2) , 

|k a w|| (L oo (/ , L 2 ))n(L 4 (/!L 4 )) <||x Q u(i)|| L 2 + |||u| 2 (a; Q u)|| L 4/3 (/iL 4/3 ) 

+ II lAja^wlU^/.i 1 )- 
We write 

[6g,(Q + (t)x;x)]u = J2 (cp(t)x)d2u+ Y, *r(*)^«. 

I/3| = M-1 l7l=l«|-2 

where c^ and d 7 are bounded for all t € R. We first notice that the derivative of 
the nonlinearity satisfy : 

|#(M 2 u)| < |u| a |^u| + Yl l^il K2I l^al , 

j<J 

where J £ N, uij/ are derivatives of u or u of order lower than k — 1, rearranged 
such that such that u> 7 i is of order lower than 10/2, which is of order lower than 
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Wj3. Then, thanks to Holder inequality, and Sobolev embedding, we have 

\\d>\\(L~(i,Li))n(LHi,L*)) < H^X^Hi 2 +T 2/a \\u\\ 2 LOO{IHl) \\d«u\\ LHI , L i ) 

+ 5Z ll U, J'llU 4 (/,i 4 )ll U 'j2|U*(7,i*)||«'j3|U*(7,i 4 ) 

j<J 

+ ^2 \\ xd i u \\L l (I,L')+Tj r k-l, 

\/3\ = \ a \-l 

\\x a u\\ {Lx , {ItL 2 ))n{LP{I ^ Lq)) < \\x a u(t)\\ L 2 +T 2/a \\u\\l x , {IHl) \\x a u\\ L 4 {IiL 4 ] + 7\Ffc_l, 

where J-^-i is the sum of L°° (I , L 2 )— norm of terms of order lower than k — 1 (it 
contains terms from X)b|=|a|-2 ^rW ^? u anc ^ [AjX"] - !/ )■ We have, thanks to the 
induction hypothesis 

Y \\ w 3i\\l*(i,l*)\\wj2\\l*(i,l*)\\wj3\\l*^,l*) < e c *. 

Choosing r -C 1, sufficiently small, the nonlinear term can be absorbed by the left 
handside term, and using (|4.1[) and the induction hypothesis : 

(4.5) 

||3>|| (L ~ (/ , L2)) n ( L4(/,L4)) < ||9>(t)|U 2 + Y. \\^u\\^ ( iM-)+e c{t+T \ 

|/3| = |a|-l 

||a; a u|| (Z c. (J , La))n(L « (JiZ 4 )) < \\x a u{t)\\ L2 +e c ^ t+T \ 
Writing 

A fe (i)=max J] \\x Q %<t)\\v, 

0<s<t * — ' 

\a\ + \P\<k 

we obtain the following inequality : 

A k (t + r)<CA k (t)+Ce c( - t+T \ 

with t < 1. Set u„ = Afe(nr), for n € N. Then : u n+1 < Cu n + Ce c( ™ +1)r . 
With v n = e~ Knr u n , this inequality allows us to find, by induction on n, that v n is 
bounded for all n € N. We deduce that u n grows exponentially, and that A k grows 
in the same way. 

To prove the property for any admissible pair (jp, q) , we go back to (|4.5|) and use 
the previous estimate, found for (oo, 2): 



C(t+r) 



\\dxU\\(Lp(i,Li))n(L*(i,L*)) < sup||9X«)|| L 2+ Yl \\ xd t u \W{i,L*)+e 

seI l/3|=M-i 

< ff(t+r) 

ll^ Q M||( L p(/ !L ,))n(L4 (7L 4 )) < sup|x Q w(s)|| L 2 +e c(t+T) 

sei 

< p C(t+r) 

and we recover [0, t] to obtain the property for the case d = 2. 

Case d = 3 : The main difference comes from the products of derivatives of u. 
Since d = 3, we have a > p and the Holder inequality used above fails in this case. 
Therefore, to deal with these terms, we choose a different admissible pair: (2, 6). It 
is important to notice that Strichartz estimates are available for this endpoint (see 
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[T5] for details). The notations will be the same as for case d = 2. 
Strichartz estimates on / = [t, t + t], for t > and r > yield : 

ll 9 " M ll(L~(/,L2))n(LS/3 ( /,L4 ) ) < ||<9>(*)|U= + \\\u\ 2 d%u\\ L z/ HIiL 4, 3) 

+ II [9",(Q + (t)x;x)] u\\ L i {I x2 } +^2\\wji w j2 w j3 \\ L2{ILe/5) , 

H a;Qu ll(L~(/x2 ))n ( L 8/3 (/!L 4 ) ) < ||a; Q M(t)|| L 2 + \\\u\ 2 (x a u)\\ L */B( IjL i/ 3) 

+ \\[A,x a }u\\ L i {I , L 2 ) . 
We recall that 

[d«,(Q + (t)x;x)]u= J2 (Cfi(t).x)dlu+ Y, d 7W9>, 

l/3| = M-l l7l=l«|-2 

where c^ and d 7 are bounded for all t £ R. Then, we can write, thanks to Holder 
inequality : 

IK'l W j2 Wj3|| L 2 (/iL6 / 5) < |K'l||l/>°(/,£6) ||Wj2||l-(/,L2) Hw^llL^/^e) 

< ||u) 3 -i|| i00 ( 7iH i) ||w j2 ||l~(/,L 2 ) I|Wj3|| L 2 (/]L 6) 

< p C(t+r) 

where we have used the Sobolev embedding (iJ 1 <-> i 6 ) , and the induction hypoth- 
esis. We now infer, with the same arguments, assuming r < 1 : 

\\ d x u W(L°°(I,Li))n(L&/3(IM)) ~ H3M*)IU a + INI £*(/,/>) II 9 >IL 8 / 3 (I,L 4 ) 

+ ^ ||^u|U 1(/)L2) + rJ- fe _! + e c (*+^, 

|/3|=|o|-l 

<||^u(t)|| ia +T 3 / ff ||^u|| i ./a (Jii 4 ) 
+ e C(*+r) ) 

H a;Qu ll(L~(/,L2 )) n(LS/3(/ !L 4 ) ) <||x"u(i)|| L 2 + ||M||i8 (/ ^4 ) ||x a w|| L 8/3 (7 ^4 ) + T-Ffc-l, 

<||x« U (i)|| L 2 + 7 3 / <r ||s a tt|| L a/3 (J , L « ) + e cl - t+T \ 
We choose r sufficiently small to absorb the nonlinear term and finally obtain 

\\d>\\ {L ^ {LL 2 ]HL , IHIM)) <\\d>{t)\\^+e^ t+T \ 

ll* a «ll( i o e(I>ia)) n(z./3(z,z*)) <ll^«ll^ +e C(t+r) - 

Then, we use the same procedure as in the case d = 2 and the proof is complete 
for d = 3. □ 

Let us now sketch the proof of the property enunciated in Remark ll.131 We first 
assume that 

Eo > Aqo and that |x + (t)| — > oo. 

t— >oo 

Note that the eigenvalue has the same decreasing rate than the potential V, given 
by the long range property. 
On one hand, we have 

^\x + {t)\ 2 = 2 (|i+(i)| 2 - 2x+(t).VX + (x+(t))) , 
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which gives 

d 2 

lim — |x+(i)| 2 =4(S -A oo )>0, 
t->oo at z 

thanks to the assumptions. We infer that for t sufficiently large, x + {t) satisfies : 
— |a; + (i)| 2 > ct, for a small positive constant c. 

We finally obtain 

\x+(t)\ 2 >ct 2 . 
On the other hand, the derivative of Q + is given by 

j t Q + (t) = i+(i).V (Hess X+(x+(t))) . 

We deduce from the conservation of the energy (and (jl.610 that |i + (i)| is bounded. 
Besides, we have 

V (Hess X+(x+(t))) < c! (x + (t)y p ~ 3 . 
Combining both previous estimates, we finally obtain the property p. lip . 
Let us remark that the assumption 

lim |x + (i)| = +00, 

t—¥oo 

is not sufficient to prove that Q + satisfies (|1.11[) . the assumption on the energy is 
essential. But if Eq is such that 

Eq > Aoo + - sup (x.VA+(a;)), 
£ xen d 

then lim |x + (i)| = +00 and Q + satisfies (|l.lll) . 

t— foo 

5. About the one dimensional case 

In this section, we assume d — 1; we will prove Theorem II. 151 
We first notice that we are in the L 2 — subcritical case. We consider a 2 x 2 system. 
The authors of |3] consider a matrix- valued potential which is at most quadratic : 
p and po are at most quadratic and ui is bounded as well as its derivatives. With 
these assumptions on the potential, the approximation is verified, up to a time 
t e = Cloglog(e _1 ). Under our assumptions on the potential V, it is possible to 
improve on this time t e . Let us first notice that, because of the absence of crossing 
points, thanks to the resolvent estimates of [T3], [T3], we obtain Strichartz estimates, 
similar to the one in Theorem 12.11 in the case d — 1 , following the same steps as 
in [7]- In fact, in [7], the authors consider a matrix- valued potential with crossing 
points, and they assume d — 2,3 to avoid difficulties brought by these crossing 
points. 

To obtain the approximation for large time, we follow the same steps as in the proof 
of Theorem ll.lOi in Section |3~51 The difference comes from the estimate on ip e and 
the bootstrap argument. We recall the estimate on u, proved in [2] on I = [t, t + r], 
for the Lebesgue exponents p = 8, q = 4 and a = 8/3: 

IMIl 8 (/,l4) < K\\u Q \\ L 2 < 1. 
This gives for Lp e , where t £ I : 

ll^(t)IU«=e- 1/8 ||«(*)IU«, 



26 L.HARI 

and then, thanks to p > a, we have 

11^11^/3(7,^) < T 1,i \\Lp E \\ L&{LL i ) 

Consider t < t e , with t 6 = ^41og(e _1 ) where A will be adjusted at the end. We 
perform a bootstrap argument. Assume : 

(5-1) \\O e (t)\\ L ,<e-^. 

Then, 

l|0 e ||z«(j,L«) <^ (e- 1/8 T- 1 ||^ e |Ux (J , i2) + £ - 1/8 ||i E |Ui (7 , i2) 

+£ 1 / 4 r 2 / CT (e- 1 / 4 + £ 3 / 2 e ct ) (l^Uis^*) + £ 3 / 4 e ct )) . 

We choose A such that e 7/A e ct < 1 for t < Alog(e _1 ), (which gives A < 7/(4(7)), 
and then, r > such that 

2Kt 2 '° < -■ 
~ 2' 

r and r _1 are both bounded by a constant independent of i, which gives 

(5.2) \\0 e \\ LHI , Li) < e- 1 ^ || L1(7 , L2) + e- 1 / 8 !!^!!^^,) + e 3 / 4 e ct . 

Using Strichartz estimates and Holder inequality again, we have, for t > 0, r > 0, 
fixed small enough : 

riu~ ( /,^) < irwiu* + ii^iuk/,^) + ^ 3/8 (ii^ni^^^ + w\\is /3{1M) 

+c 2 \\9 e \\lw(i, L *)) (II^IU»(/,£*) +e|b e |U«(/,i,4)) 

< r(t)|| i2 + ||^|| L1(/ , L2) + e V8 ( T 3/4 +£ 5/4 e C t ) 

x (e-^H^IU,^) + e-^H^IUi^,) + e^e ct ) , 

< II^WIIl^ + V~ee ct + (l + £ 7 / 4 e ct ) ||0 £ || L i (/ , L 2), 

where we have used the previous estimates about each term, and where we have used 

AT 

t < 1 since it is fixed small. Then, for t > 0, we can write [0, t]cN \jr, (j + l)r], 

3=0 

for some integer N; and we obtain 

H^IU-dO,*],^) Z 11^(0)11^ + V^ Ct + (l + £ 7/4 e C ') ||0 £ |Ui([o,t],L*)- 
Since t < t s , we have e 7 / 4 e c * < 1 which gives 

||0 £ |U-([o,t],^) < II^(0)||l2 + Jie ct + H^Hiicp,*],^), 
Applying Gronwall Lemma on ||0 e (i)|| 7 2, we deduce : 

(5.3) yte[0,f], \\9 e (t)\\ L 2 < CoVie Clt , 

where the constants are independent of e. Besides, combining (|5.2j) and (|5.3p . wc 
obtain 

(5.4) Vte[0,t% \\e s \\ LS{I>Li) < e*' B e Ct . 
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The proof is then completed by checking how long the boostrap assumption (|5.1[) 
holds. We differentiate the equation satisfied by e and arguing as before, with 
Strichartz estimates we obtain : 

||eVfl e || L .(j fi *) < £- 1/8 ||eW £ (t)|U 2 + e- 1/8 ||W0 e |Ui (I)ia) 

+ e- 1/8 \\eVL e \\ L i {I . L 2 } + e- 1/4 \\eVNL £ \\ L s /7{I ^ /3) . 

We recall the following estimate on the nonlinearity, obtained thanks to Holder 
inequality : 

e- 1/4 ||eVJVL e || L8/ 7 (J)i v3) 

< £ 1/4 (||^ £ |li8/3 (/iL 4 ) + 11^11^8/3(7^4) + e 2 ||0 e |l!s/3( 7)i 4)J 

(\\eVe e \\ LHIM) + £ 2 ||V(. 9 £ x-)I|l«(/,l4)) 

+ e 1/4 ||^ e eV^ e || L ./»(/,L») (II^IIlb(/^) +e||ff e |UB(i,L*)) 

< r 3 / 4 (l + e 7 / 4 e Ct )|| £ V^|U8 ( 7, i 4) + r 3 / 4 e 3 / 8 e ct , 

where we have used the exponential control (jl.lOp , which is true in the case d = 1, 
and (|5.4[) . For t < t £ , arguing as before, by fixing r very small to absorb the 
nonlinearity, we obtain 

||eV0 e || 7,3(7,^) < e- 1/8 ||eV^|| Ll(/ , L2) + e-VSlleVX^Ui^^) + e ct e 3/8 . 

Using Strichartz estimates again on /, we find 

HeW'lU-c/.L*) < ||eV^(i)|| L2 + HVV^Hii^a) + ||eVL 8 |Ui (J , La) 

+ £- 1 / 8 ||eV^L £ || L a/ 7( 7 !L 4/3 ) , 

< e 1 / 8 (r 3 / 4 (l + e 7 /4 e c t) || eVr || l8(/l4) + e ct £ m^ 

+ \\e\76 e (t)\\ L 2+e 1/2 e ct 
<\\eVd e (t)\\ L * + r 3 / 4 (l + £ 7/4 e Ct )||eVr|Ux(7,^) 

+ || £ V J L £ || L1( 7,7 2 )+e c V/ 4 + e ct £ 1 / 2 

<||eW (t)|| L2 + E V2 e Ot + (1 + £ 7 /4 e C t) || £W e|| Li(/L2) 

We recover [0,t] with a finite number of intervals of the form [jr, (J + l)r] and 
obtain 

lkV0 E |U~ ([o , t] , i2 ) < e^e^ + Cl + ^/^^HeV^IU.^^) 

with t < t e such that e 7 / i e ct < 1. Thanks to Gronwall lemma, we finally find : 
(5.5) Vt6[0,« e ], ||eVe» e || L 2 <C^e c i*. 

Thanks to Gagliardo-Nirenberg inequality, we now write 

\\mh'<e- 1/4 \\m\\%'\\eVm\\% A 



where we have used (|5.3|) and f|5.5[) . We infer that the bootstrap argument (|5.1 
holds, at least, when t < ct 6 since we have 

yte[0,f], e-i/yie * « e~ l '\ 
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with t e < clog(e *) for a suitable c, and this concludes the proof. 



6. Nonlinear superposition 



6.1. General considerations. Theorems [TTT6] and [TTT7] follow by the same meth- 
ods as in Theorem II .71 The main difference comes from the nonlinearity: nonlinear 
interaction terms appear. In this section, we will give the method for a nonlinear 
superposition of two data polarized along different modes. The procedure applied 
in this subsection is exactly the same if we consider same eigenspaces. We set 

w e = ip £ - (p%x+ - v-x- + eg 6 , 

where g e is the sum of two correction terms, similar to the one defined in Section 

9 e =9 £ +X++9-X-, 
where the function g e + solves the scalar Schrodinger equation 



£ 



ied t g% + yAfl+ ~ A +<X).9+ = f- 



and the function g e _ solves 

,-2 



ied t gl + yAgl - X-(x)g e _ = <p%r_ 



where 



r+(t,x) = -i(dx+(x)£ + (t),x-(x)) ; r-(t,x) 
The function w e (t) then solves 



ied t w £ 



-Aw e - V{x)w e = eNL e + eL £ 



4(0,3!) =0; 

ffl(0,*)=0, 

-i(d X -(x)Z-(t),X+(x)) 

; w e (0,x)=0 1 



with 



NL e 



and 



T d/2 



(\w e + <f%x+ + <P e -X- + £9 e \ 2 {w e + ip s + x+ + V-X- + £ff e ) 



\<P e + \ 2 <P s + x+-\<P-\ 2 v £ -x-)- 



L e = O (Vie 



CL\ 



yA,X. 



T A,X- 



g- 



0(JIe 



ct\ 



where the estimate holds in Hi, using Proposition ^. 31 To deal with the nonlinear- 
ity, we add and subtract the term 



and obtain 
where we have 



e d/2 W\x+ + Vlx-I 2 (<4X+ + <P £ -X-) , 

NL e =Nf + N§, 

7V| = |^ + |V_x- + ^i|V+x+, 



and the following pointwise estimates 

l^<£ d/2 (l^lV-l + l<^-lV + l), 

\m < e d/2 (|^+| 2 + |^1| 2 + K| 2 + sVl 2 ) (Kl + e\g £ \) . 
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The procedure to estimate the term JV| is exactly the same used to deal with 
the nonlinearity in Section 13.21 The only point remaining concerns the analysis of 
Jo\\ N f( s )\\m e ds. We have 

e d/a ||(^)Vi|U»(R*) = 



x+(t) -x-(t) , , 
t,y K '^- £ K ' ) ) « (/•/;) 



LH-R-t) 



and the term | ip £ _ | 2 1 ip £ + | is handled in the same way, as their contribution play the 
same role. We leave out the other terms which are needed in view of a H\ estimate, 
since they create no trouble. 

The estimation of Nf is given by the following lemma. The proof is based on the 
strategy of [2] with adaptation required by the fact that we are in the case d > 1. 

Lemma 6.1. Let T > 0, < 7 < 1/2 and 

(6.1) F(T) = {t€[0,T], \x + (t)-x-(t)\^s-y}. 

Then, for all integer k, k > d/2, there exists a constant C — C(k) such that 

\\NKt)\\ Bi dt < {M k+2 (T)f (T £ fc (V2-7) + \F{T)\) , 

where M k (T) = max (M£(T), M^{T)), with 

M±{T) - sup {II (x) a 3f U± || (L » [0 ,r] ; L2 (Rd)) ; \a\ + |/3| < k} . 

Our next objective is to evaluate the quantity |/ £ (T)|, for T > 0. 
It has to be noticed that the arguments of [2j which allow us to deal with large times 
cannot be generalized to higher dimension : they are specific to the one-dimensional 
case. 

6.2. Nonlinear superposition for data belonging to different modes. 

Lemma 6.2. Let T > and 

T= inf \E + - E~ - (\+(x) - \-(x))\, 

xeR d 

and suppose T > 0. Then, for < 7 < 1/2, for T > 0, independent of e, we have : 

\I 6 (T)\<^, 

where I e {T) is defined in \6.1\ 

Proof. We consider J e (T) a maximal interval, included in I s (T) and N 6 (T) the 
number of such intervals. We have the following estimate : 

(6.2) |I E (T)| < |J e (T)| x N e (T). 

Let z be defined by z(t) = \x + (t) — x~(t)\ 2 . We first prove that 

(6.3) 3e > 0, 30 < 5 < 1, Ve €]0,e ], Vi € I e {T), we have z(t) > ST 2 > 0. 

Step zero : Proof of (I6.3[) . 

We have for te J £ (T) : 

zit) = 2\e(t) - C(t)\ 2 - 2(x + (t) - x-(t)). (VX+(x + (t)) - VA_(s-(t))) , 

(6.4) z(t)>2\?(jk)-C(t)\ 2 -Cei. 
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Besides, we have : 
\E+ - E- - (X + (x+(t)) - X-(x-(t)))\ = \E+ -E-- (X + (x+(t)) - \-(x+(jt))) 

+ \_(x + (t))-\_(x-(t))\ 
>\E+-E--(\ + (x+(t))-\_(x+(t))\ 

-\\_(x + (t))-\-(x-(t))\ 
> r - Ce 7 , 
since \X-(x+(t)) - A_(ar(t))| < C\x+(t) - x~(t)\. If Ce 7 < 1, we obtain 

(6.5) \E+ -E-- (X + (x+(t)) X.(x-(t)))\ > §• 

Then we write, by the definitions of the energies : 

\E+ -E-- (X + (x+(t)) A_(:r-(t)))| = \ \(S + (t) f(t)).K + (t)+f(t))| , 



whence by |T 

\E+ -E-- (X + (x+(t)) A_(x"(t)))| < k + (t) - r («)|, 

and we obtain by dSHJ) and ([63]) . for Ce 7 such that CT 2 - Ce 7 > T 2 /2 : 

5T 2 <z{t), with0<<5<l. 

Step one : Size of J € (T). 

Let us now consider r, r' S J e (T) and find a lower bound of \t — t'\. 

The derivatives of z are given by : 

m = 2(x + (t)-x-(tMt(t)-rm 

z(t) = 2|£+(*) - r («)| 2 - 2(x+(t) - i-(«)). (VA + (x+(i)) - VA_ (*"(«))) 
There exists i* € ]t, r'[ such that 

(6.6) |i(r')-i(r)| = |r'-r|z(r). 
On one hand, we have by (| 1 .€>[) 

|i(r') - i(r)| < 2|x+(r') - x~(/)| |£+(r') - £" (r')l 

+ 2| 2; +(r)- a; -(r)||e + (r)-r(r)|, 

(6.7) < |i(r')-i(r)| £ 7 . 

On the other hand, we have flO) for t* e J £ (T). Therefore, in view of (J6T6J) . ([6771 
and (|6.3p we infer 

T 2 |r' - r| < |r' - r|z(i* ) = |i(r') - i(r)| < £ 7 , 

whence 



^, and |J £ (T)|^ r , r 



| T - T '|<— . and \.T £ (T\\ < 



Step two : Estimation of N E (T). 

The difficulty is to prove that the number of interval J e (T) contained in I e (T) is 
independent of e. For this reason, we first consider a fixed s. 
Set £o > a fixed constant, small enough to have : 

CT 2 - Ce > T 2 /2. 

We consider I e ° (T) , let us prove that there is a finite number of intervals in this 
fixed set. We argue by contradiction, assuming that there is an infinite number of 



COHERENT STATES FOR SYSTEMS OF L 2 - SUPERCRITICAL NLS 31 

intervals such that z(t) < £ 7 . 

We consider a sequence (s n ) nS N, included in [0, T] and such that each term is in a 
connected interval of I e ° (T) , which does not contain an other term of the sequence. 
We can assume that the sequence is monotonic (let us say strictly increasing to 
fix ideas). By compactness of [0, T], a subsequence of (s„)„ converges to some 
se [0,T], with 

z{a) < sl\ 
Besides, there exists (i n )neN> such that for all 

n e N, t n e]s„,s n+ i[ with z(t n ) > e^ 7 

and 

d 

lit" 

for all integer n. Using the same argument of compactness, we infer that this 
sequence (t n ) converges to s, with z{t) > e 7 , we deduce that 

z(t) = ep, and —z(t)\ t = a = 0. 
We have 

— z(t)\ t =t = -rz(t)\ t =t +1 = 0, 
dt dt Wl " +1 

for all n £ N; thanks to Rolle's theorem, there exists en sequence (r„) nS N such 

that for all n G N, r n g]t„,i„ + i[ and 

^(*)l*=r.=0. 

d 2 
Arguing as before, we infer that (r n ) converges to s, with — ~z(t)\t= s = 0. But 

dt z 



■*(*)|*-i„ = °« 



(|6.3|l for s give z(s) > 0. Hence a contradiction with 
For £ sufficiently small, such that £ < £q, J e (T) is included in I e °(T). Besides 
z(i) > and z(i) > <5r 2 > 0, which implies that z is a positive and strictly convex 
function. We infer that in each interval of I £ ° (T) , there is exactly one interval where 
z is very small, such that z(t) < e 2j . This implies that the number of such intervals 
of J £ (T) is the same as in I e °(T); N e (T) is bounded by a constant independent of 
£, and this concludes the proof. □ 

6.3. Nonlinear superposition of data belonging to same modes. Let us first 

notice that I e (T) has to be rewritten : Let T > 0, < 7 < 1/2. We set : 

r(T) = {ie[0,T], lnW-asaWKe?}. 

Then, to estimate the size of I e (T), we have : 

Lemma 6.3. Let T > 0, independent of e. Then, there exists C > 0, such that 

\I E (T)\ < Ce i . 

Sketch of the proof. The proof is based on Lemma 6.2 of (4. In this case, we 
consider classical trajectories built with the same eigenvalue, which is similar to 
the scalar case, with a scalar potential. It has to be noticed that for 

(zi(oUi(o))^Mo),6(o)), 

we have 

(x 1 (t),^ 1 (t))^(x 2 (t),^(t)) 
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for all times t, since the trajectories solve the same ODE system. Therefore, on 
[0,T], the curves x\(t) and X2(t) cross on a finite number of isolated points, where 
£,i(t) 7^ ^(t)- Then, the control of the quantity \£,i(t) — £,2(t)\ in (16.3[) follows without 
any assumption (See [3] for details). □ 



Remark 6.4. To complete the proof of Propositions 11.161 and 11.171 it remains to 
perform a bootstrap argument, similar to the one in the proof of Theorem 1 1.71 (see 
[3] for details) which gives a finer condition on 7: 



r7 -d/4 



< £ 



-d/8 



and it is equivalent to 7 > d/8 which is compatible with 7 < 1/2. 

In both situations, for large time case, we cannot use the same method as in [3] 
for a scalar potential, or in [3 ), in the one-dimensional case, to find the number of 
maximal intervals. 



Remark 6.5. However, assuming (|1.10[) is satisfied; and 

\N £ (t)\ < e ct , 

where N £ (t) is defined in (16. 2[) . then one can prove the following result : there 
exists C > independent of e such that 



sup 

t<Cloglog(e-i) 



IKWIk^o 



e->0 



Remark 6.6. Let us notice that if the approximation of Theorem II .71 is valid up to 
a time t — Clog^^ 1 ), then, Theorems 11.161 and 11.171 will be also valid up to an 
analogue time. 



Appendix A. Strichartz estimates 
In view of Remark 4 of [7J, Proposition 3 of [7J writes: 

Proposition A.l. Consider T > and (p,q) an admissible pair. Then, there 
exists a constant C = C{q) such that 



=*7 p (=),,5 



LP ([0, T], L" (R d )) 



< Ce-^Wul 



oll£ 2 (R d )> 



and Corollary 1 writes: 



Corollary A. 2. Consider T > and (p, q) an admissible pair. Then, there exists 
a constant C = C(q) such that 



•-P(e) re 



f 6 (s)ds 



LP([0,T],Li(R d )) 



< Ce 1/P ||/ £ ||Li([o,T],L 2 (R< i 



))• 



Note that these results of [7J crucially use the long range property of V, which al- 
lows to prove resolvent estimates. Proposition ! A. 1 1 gives the first Strichartz estimate 
(|2.1j) . Let us prove that we also have (|2.2[) , namely: 



'-P(s) re 



f e (s)ds 



<Ce 



-l/pi-l/pa 



\r 



LPi([0,T],L9i(R d )) 



l L P 2([0,T],L"2(Rd))' 
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where (j>i,qi) and (j>2,Q2) are admissible pairs, and C independent of e. 

By Christ-Kiselev's theorem, it is sufficient to estimate the L Pl ([0,T],L qi )— norm 

of 

h e {t) := f e lt -^ p{e) f e {T)dT. 
Jo 
Using (|2.ip . we obtain 

Wh^ao-TIL^) < c( qi )e- 1 ^\\h%o)\\ L2 , 



< C(q 1 )e- 1 ^ 



-if P(e) f e 



/ e (s)ds 



The dual inequality of (|2.ip for (^2,92) admissible pair gives 



-i^P(<r) f£ 



/ £ (r)dr 



Combining these estimates, we finally obtain (|2.2 



<C(g 2 )£- 1/p2 ||/ £ |: 



L p 2([0,T],L"2)- 



Appendix B. Global existence of the exact solution 

In view of [2] Section [A] allows us to prove global existence and uniqueness of 
the solution of (|TTT|) - (|L2|) . for fixed e > 0: 

Proposition B.l. IfV satisfies Assumvtion \l.l[ and ipQ £ L 2 (R d ), there exists a 
unique, global, solution to (|l.ip - (|1.2|l 

r&C (R, L 2 (R d )) n L^ (R, L 4 (R rf )) . 
Moreover, the L 2 — norm of ip £ does not depend on time 

IIV^WIU^R"*) = IIV , olli 2 (R d )) Vt e R - 
FFe denote by E(t) the energy, given by : 

E(t) = ^\\\7u(t)\\ 2 L2 + ~||u(i)||i4 + i^ (Q + (t)x;x) lu^x)! 2 ^. 

This quantity does not depend on time : E(t) = E(0), Vi £ R. 

Sketch of the proof. From the above-mentionned results, it follows that local in time 
Strichartz estimates are available. Therefore, using a fixed point argument, one can 
prove local existence of the solution. Then, using the conservation of the L 2 — norm 
and of the energy, one can infer that the solution is global. See [7J Remark 5] and 
[ID] for the details. □ 

For fixed e, it is actually possible to prove global existence of the solution under 
weaker assumptions : V has to be at most quadratic : assuming p and po are 
at most quadratic and u> is bounded with bounded derivatives, the author of [2] 
obtains global existence of the solution. 
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